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Abstract. Recent research has demonstrated that real-time auctions can generate the need
for side payments, even if the market clearing models are convex, because of the rolling
nature of real-time market clearing. This observation has inspired proposals for modifying
the real-time market-clearing model in order to account for binding past decisions. We
extend this analysis in order to account for uncertainty by proposing a real-time market-
clearing model with look-ahead and an endogenous representation of uncertainty. We
define two different types of expected lost opportunity cost as performance metrics. Our
market-clearing model provides the price signal minimizing one of these metrics using the
Stochastic Gradient Descent algorithm. We present results from a case study of the ISO
New England system under a scenario of significant renewable energy penetration while
accounting for ramp rates, storage, and transmission constraints.
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1. IntroductionQ:5
1.1. Motivation
In a regime of large-scale renewable resource integra-
tion, the multiperiod and uncertainty effects of renew-
able resources are becoming increasingly important.
Flexibility, in the sense of the ability of resources to
respond rapidly to real-time conditions (Schiro 2017),
is becoming a valuable resource for system operators.
Two important challenges that system operators face
in real time are to arrive to efficient dispatch decisions
but also prices that provide an incentive to flexibility
providers to offer their resources voluntarily to the
market. Concretely, the real-time market is operated
at a time step of 5− 15 minutes in U.S. and E.U. mar-
kets and determines the dispatch of resources such as
storage, pumped hydro plants, combined cycle units,
and demand response that can respond rapidly to the
significant and often unpredictable variations of
renewable supply. Look-ahead matters in this respect
because these resources have intertemporal con-
straints such as ramp limits, state of charge limits,

startup/shutdown costs, and so on. An increasingly
important challenge in real-time market operations is
to account for these intertemporal effects because
ramp episodes induced by renewable resources are
placing increasing stress on the system. And prices
need to match the increasingly complex schedules;
otherwise, system operators are facing the threat that
flexibility owners may “take matters in their own
hands” by self-committing or self-scheduling their
resources at a time when these flexibility resources are
needed most. Therefore, it is imperative that the price
signal that accompanies the central dispatch decision
match the profit-maximizing objectives of flexible
resource owners. This challenge has placed multiper-
iod pricing in real-time markets at the spotlight of
stakeholders and academics in recent years. Q:6

Q:7
Q:8

1.2. Market-Clearing Proposals in the Literature
In what follows, we revisit the existing literature on
multiperiod pricing. Although this literature has been
cast in the context of price consistency, our approach
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is rather to connect the literature to a related but dif-
ferent notion, that of equilibrium. An equilibrium is a
pair of prices and quantities such that the market
clears and the prices support the dispatch for profit-
maximizing agents. We comment along the way on its
relation to price consistency and other metrics that are
often monitored and deemed important in market
operations.

1.2.1. Single-Period Market Clearing. For each agent
k ∈ K, an abstract formulation of single-period market
clearing models can be written as follows:

min
x

Σ
k∈K

fk(xk)
s:t: Σ

k∈K
xk � y : p

hk(x#k ,xk) ≤ 0, k ∈ K
xk ∈ Xk, k ∈ K, (1)

where xk denotes the amount of power generation, fk
denotes the cost function, hk denotes intertemporal
constraints such as ramp constraints, with x#k being a
given initial condition (the amount of power genera-
tion in the previous time step), Xk denotes constraints
for each k that do not depend on time such as genera-
tion output limits, and p denotes the dual multiplier
of the power balance constraint. Observe the general-
ity of this formulation. For example, if an agent k is a
network owner and y is a vector representing net
demand for each node in the network, then the trans-
mission network can be incorporated in this formula-
tion, with xk being the vector of the power flows of
each line and Xk containing optimal power flow con-
straints and transmission capacity constraints. In the
remainder of our paper, we assume that the functions
fk,hk are convex.

Basic convex optimization arguments establish that
the solution of the fully coordinated problem provides
the optimal price and quantity. The optimal price and
quantity pair (p∗,x∗) forms an equilibrium because p∗
supports x∗k for profit-maximizing agents. In other
words, for each agent k ∈ K, x∗k is an optimal profit-
maximizing solution under the price p∗. This is the
approach adopted in real-time market clearing in ISO-
NE, MISO, PJM, SPP (Schiro 2017), and future inte-
grated E.U. balancing platforms (EC 2017).

1.2.2. Multi-Period Deterministic Market Clearing. In a
multiperiod deterministic setting, the notion of an
equilibrium can be extended if the quantities clear for
every period and if the dispatch is profit-maximizing
over the full horizon. Consider an economic dispatch
problem over the time interval [ts, te]. Let us define the
following optimization problem as LAD(ts, te), an
abbreviation of Look Ahead Dispatch Model (LAD).

This term is used in Hua et al. (2019):

LAD(ts,te) : min
x

Σ
k∈K

Σ
t∈[ts,te]

fk,t(xk,t)
s:t: Σ

k∈K
xk,t�yt, t∈ [ts,te] :pt

hk(x#k,ts−1,xk,ts)≤0, k∈K
hk(xk,t−1,xk,t)≤0, k∈K,t∈ [ts+1,te]
xk,t ∈Xk, k∈K,t∈ [ts,te] (2)

where the intertemporal constraints are divided into
two parts in order to clearly show the treatment of ini-
tial conditions (x#k,ts−1). For the brevity of the paper,
the initial condition is implied, and the set of con-
straints will be written as hk(xk,t−1,xk,t) ≤ 0, k ∈ K, t ∈
[ts, te] in the remainder of the paper.

In practice, multiperiod deterministic models can
be categorized as either static, rolling with a fixed
horizon, or rolling with a moving horizon. In a one-
shot, multiperiod market-clearing model, we run the
dispatch and pricing model once and clear prices and
quantities for the entire horizon at the beginning of
the horizon. The same convex optimization arguments
as in the static case guarantee that a centralized
optimization problem yields the equilibrium result
(Baldick 2006). The static setting is easy to study but
unrealistic. The most realistic assumption is a rolling
multiperiod market-clearing model with a moving
horizon as in Figure 1(b), where the look-ahead length
is fixed and we run the model multiple times for clear-
ing (Mickey 2015, Hogan 2020). As time moves for-
ward we fix the decisions for the current time step
(e.g., ts), and at the next time step we solve another
optimization problem, including new information for
the future demand (e.g., LAD(ts + 1, te + 1)). This is the
approach currently adopted in CAISO, NYISO (Schiro
2017) and under consideration in Texas (Mickey 2015).
However, this setting is very difficult to study. Thus,
most, if not all, previous research has focused on the
case of rolling with fixed horizon (Hogan 2016, Hua
et al. 2019, Guo et al. 2019, Guo et al. 2021, Zhao et al.
2019, Biggar and Hesamzadeh 2020, Hogan 2020). In
this setting we still run market-clearing models multi-
ple times, but we know when the end of the horizon
is, and even from the beginning we can access to the
demand information at Q:9the end of the horizon. Notice
that in Figure 1(a), which corresponds to a multiper-
iod model with a fixed horizon, all the bars (represent-
ing the time coverage of a market-clearing model)
have the same ending at tT.

1.2.2.1. Metrics for Deterministic Multi-Period Mar-
ket Clearing. Two metrics that are often employed in
practice for assessing the quality of market-clearing
solutions are lost opportunity cost (LOC) and make-
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whole payments (MWP). Given a pair of price-
quantity time series, lost opportunity cost (LOC)
refers to the difference between the maximum profit
that could have been ensured by an agent that is react-
ing freely to prices and the profit of an agent that fol-
lows the dispatch schedule of the system operator.
Zero LOC is equivalent to an equilibrium. For price-
quantity pairs that do not constitute an equilibrium,
make-whole payments (MWP) are nonzero whenever
the cost of a deployed resource exceeds the revenue
that is obtained by following the dispatch instructions
of the system operator.

1.2.2.2. Rolling Multi-Period with a Fixed Horizon.
For a rolling multiperiod planning with a fixed horizon,
it would be tempting to argue that one should solve the
dispatch problem at every time stage (as in model pre-
dictive control) and keep current-period dispatch deci-
sions and prices as the market-clearing quantities and
prices. The resulting sequence of prices and quantities
actually turns out not to carry guarantees of being an
equilibrium price-quantity pair. This is due to dual
degeneracy (Biggar and Hesamzadeh 2020).

One way to relieve this issue is to utilize the dual
multipliers from the past dispatch problems. Hogan
(2016) used power balance constraints and Hua et al.
(2019) used intertemporal constraints for the dual
multipliers. In this work, we introduce the method
of Hogan (2016) that used power balance cons-
traints, and we generalize it in the next section to the
case of uncertainty. Consider a time interval [ts, te].
Assume that the current time step is tc, where ts <
tc < te, and the past decisions x#0 � {x#ts , : : : ,x#tc−1}, p#0 �
{p#ts , : : : ,p#tc−1} are available. Let us define PMP(ts, tc, te),

an abbreviation of Price-preserving Multi-interval
Pricing Model (PMP), as follows:

PMP(ts, tc, te) : min
x

Σ
k∈K

Σ
t∈[ts, te]

fk,t(xk,t)

+ Σ
t∈[ts, tc−1]

p#t − Σ
k∈K

xk,t + yt

( )

s:t: Σ
k∈K

xk,t � yt, t ∈ [tc, te] : pt
hk(xk,t−1,xk,t) ≤ 0, k ∈ K, t ∈ [ts, te]
xk,t ∈ Xk t ∈ [ts, te], k ∈ K (3)

This pricing model (PMP) is first introduced by
Hogan (2016) and formalized by Hua et al. (2019).

Hua et al. (2019) showed that, for every time step tc,
if PMP(t0, tc, tT) is used instead of LAD(tc, tT) for pric-
ing models with rolling implementation, the resulting
prices coincide with the prices from the one-shot mul-
tiperiod optimization problem LAD(t0, tT). This is
closely related to the concept of “price consistency,”
defined in slide 35 of Hogan (2020) as the property,
“given perfect foresight, where actual conditions
equal the forecast conditions, the methodology produ-
ces the same set of prices.”

1.2.2.3. Rolling Multiperiod with a Moving Horizon.
In a more practical setting, we can no longer assume
that a horizon is fixed. For a rolling multiperiod
model with a moving horizon, even in the case of
strongly convex market-clearing models, the applica-
tion of the PMP approach can produce a price-
quantity pair that does not satisfy an equilibrium for
an entire horizon, that is, in the sense of perfect hind-
sight, and with a horizon that spans {1, : : : ,T}. This is
shown in section VI-B of Hua et al. (2019). This

Figure 1. RollingMultiperiod ImplementationsWith (a) a Fixed Horizon and (b) a Moving Horizon

Note: The gray bars represent the time steps that a look-aheadmarket clearingmodel covers.Q:20
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deviation of equilibrium is different from the dual
degeneracy pointed out by Biggar and Hesamza-
deh (2020).

Nevertheless, empirically, PMP achieves better per-
formance than LAD with respect to LOC and MWP in
this setting. In this paper, we provide an explanation
by introducing an additional characteristic of PMP.
PMP not only guarantees the price consistency for a
rolling multiperiod planning with a fixed horizon but
also minimizes LOC for an entire horizon, including
past time steps given past prices. PMP balances the
past decisions and future decisions in a way that LOC
is minimized, hence the better performance. This is
further discussed in Section 2.3. We focus on this
property of PMP and extend it to the setting under
uncertainty in Section 3.3.

1.2.3. Multiperiod Market Clearing Under Uncertainty.
Our interest in this work is an extension of the analysis
on multiperiod pricing in the context of uncertainty.
When extending the basic setting to incorporate uncer-
tainty, the standard definition of an equilibrium is a
pair of price-quantity stochastic processes, such that the
market clears at every stage for every possible sample
path of uncertainty, and the dispatch instructions of
agents are maximizing risked profit given the prevail-
ing price process. Risked profit is commonly quantified
using risk measures (Ralph and Smeers 2015, Philpott
et al. 2016, Philpott and Ferris 2021) and is an ex ante
(i.e., without the benefit of hindsight) measure of how
well an agent can do given the attitude of the agent
toward risk and given the underlying price process.

The computation of the underlying equilibrium relies
on posing the problem in question (the look-ahead
economic dispatch, in the case of our application) as a
multistage stochastic program. We will concentrate our
discussion of the risk-neutral setting; therefore, time con-
sistency (Shapiro 2012) is automatically satisfied in our
setting. An equilibrium can be computed in this setting
as the generalization of the multiperiod deterministic
case, that is, by retrieving the dispatch decisions of the
stochastic program and the dual multipliers of the
market-clearing constraints for every stage and every
sample path. As a natural extension for LOC in the mul-
tiperiod deterministic setting, it is possible to define a
metric of performance, ex ante expected LOC, that is,
the difference between the maximum expected profit
and the expected profit of an agent following the dis-
patch decision by the system operator (a formal mathe-
matical definition is provided in the main body of the
paper). A stochastic equilibrium is equivalent to this
metric being equal to zero. However, this definition
stumbles upon a number of implementation challenges
in a practical setting. These challenges include (i) the
definition of the scenarios that constitute the stochastic
program that needs to be solved, (ii) an underlying

assumption that all agents in the market share the same
views about the distribution of uncertainty (i.e., the
same set of scenarios and the same probability for all
scenarios), (iii) an assumption that the system operator
can correctly identify the risk attitude of the least risk-
averse agent in the market, and (iv) the need to solve a
large-scale stochastic program under the tight run times
that are imposed by real-time operations. Consequently,
this pricing method has not directly seen its way into
practical implementation.

In the present work, and inspired by the spirit of
the discussion in the literature on multiperiod pricing,
we rather pose the question of finding a price that (i)
is nonanticipative (i.e., can be computed at a given
time stage given the information that is available up
to that moment in time) and (ii) delivers a stochastic
process of real-time prices that minimize the expected
lost opportunity cost defined in an ex post sense, that
is, with lost opportunity cost being defined in a hind-
sight fashion when all uncertainty in the market
(renewable forecast errors, etc.) has been revealed. An
important property of the price that is obtained is that
this price minimizes ex post expected LOC not only
for the optimal system dispatch but for any dispatch
that satisfies the aggregate uncertain demand in the
market. This is further discussed in the main body of
the paper.

Our motivation for the first requirement (nonantici-
pativity) is that real-time market clearing is intrinsi-
cally a process that resembles model predictive control
in the sense that it is executed in a rolling fashion. Con-
cretely, we contrast this to a situation (not applied in
practice) where prices are computed after the fact, that
is, at the end of the horizon in question, and with the
benefit of hindsight when we can observe the realized
uncertainty for the full horizon.

Our motivation for the second requirement is to
propose a computationally viable proxy of the ideal
stochastic equilibrium benchmark, but one that can be
computed in the realistic time frames of real-time mar-
ket operations with minimal assumptions related to
stochastic models/scenario selection. Note that both
definitions of expected LOC coincide with the one in
the multiperiod deterministic setting. Note also, as a
consequence, that price consistency is satisfied auto-
matically for prices that minimize ex post expected
LOC in the multiperiod deterministic setting.

The paper outlines a computational procedure that
can be applied for computing the prices with the
requisite properties. The procedure amounts to execut-
ing a separate pricing procedure as in Hua et al. (2019)
and Hogan (2016). In contrast to the case of computing
a stochastic equilibrium, this minimization is essen-
tially minimizing an expectation (as opposed to a mul-
tistage stochastic program in Philpott et al. 2016 and
Philpott and Ferris 2021) that can be implemented

Cho and Papavasiliou: XXX
4 Operations Research, Articles in Advance, pp. 1–15, © 2022 The Author(s)



 

 
with a straightforward algorithmic procedure. More-
over, the procedure can be applied to continuous
uncertainty model without requiring scenario selection
in order to restore computational tractability.

It is important to point out that the line of work pur-
sued here is distinct from the literature on stochastic
market clearing such as Bouffard et al. (2005), Pritchard
et al. (2010), Morales et al. (2014), and Zavala et al.
(2017). Whereas the latter is concentrated on day-ahead
auctions without considerations of consistency in a
rolling market clearing (since day-ahead auctions are
nonoverlapping), the interest in our work is on real-
time market clearing in a rolling fashion. The discussion
is also distinct from that of flexible ramp products
(Wang and Hobbs 2015) and their associated implemen-
tation challenges (Schiro 2017). Flexible ramp products
amount to an ancillary service that is priced in addition
to energy. Instead, our focus here is on the pricing of
energy in real time.

2. Multiperiod Deterministic Setting
In this section, we formally define what lost opportu-
nity cost (LOC) is in the multiperiod sense. This defi-
nition is extended to the case of uncertainty in the
next section. In a simple fixed horizon setting, we
show that the pair of the optimal dispatch solution
and the dual price from the economic dispatch prob-
lem minimizes LOC; indeed, it makes it zero. In a
more practical setting, that is, the rolling multiperiod
optimization with a moving horizon, this is no longer
possible. The simple look-ahead model cannot be
guaranteed to achieve either a zero LOC or even a low
LOC. We show that the PMP procedure proposed by
Hogan (2016) relieves this issue by minimizing LOC
for the horizon, including the past time steps given
the prices for the past time periods.

2.1. Lost Opportunity Cost in a Deterministic
Setting

First, let us define an individual profit maximization
problem for each agent k ∈ K. Let t ∈ T � {t0, : : : , tT} be a
time step in the entire horizon T . From now on, tilde is
used (e.g., p̃, x̃) to indicate that these variables represent
decisions made by system operators. On the other hand,
the notations without accents or superscripts (e.g., p, x)
correspond to the variables that each agent uses for opti-
mizing their individual profit maximization problem.
Given price signals p̃ � {p̃t :∀t ∈ T }, the maximized
profit in the time interval [t0, tT] is defined as follows:

v[t0,tT]k (p̃) � max
x

Σ
t∈T

p̃txk,t − fk,t(xk,t)
s:t: hk(xk,t−1,xk,t) ≤ 0, t ∈ [t0, tT]

xk,t ∈ Xk, t ∈ T (4)

The lost opportunity cost (LOC) for each agent k in the
period [t0, tT] is defined as the difference between the

maximized profit and the profit of an agent following
the dispatch decision by the system operator (x̃k).

LOC[t0,tT]
k (p̃, x̃k) � v[t0,tT]k (p̃) − Σ

t∈T
(p̃t x̃k,t − fk,t(x̃k,t)) (5)

By definition, LOC is a nonnegative value. The vector
x̃k is a feasible solution for the optimization problem
(4), and because it is a maximization problem the first
term for (5) is greater than equal to the second term.

Another frequently used performance measure is
make-whole payments (MWP), which is the amount
of costs exceeding revenue for each agent k. Formally,
we define it as follows:

MWP[t0,tT]
k (p̃, x̃k) � max 0, − Σ

t∈T
(p̃tx̃k,t − fk,t(x̃k,t))

{ }

(6)

The concepts of LOC and MWP are suggested in
Schiro et al. (2016) and Hua et al. (2019). Schiro et al.
(2016) refers to them as deviation incentives mostly in
the context of dealing with nonconvexity. However,
Hua et al. (2019) extends the usage of the metrics to
the case with the convexity assumption in the rolling
multiperiod optimization with a moving horizon
where we can no longer guarantee to be able to have a
zero LOC.

In this paper, the focus of our analysis is on LOC.
Note that LOC is an upper bound of MWP if vk is non-
negative. Even though vk can be negative in certain
cases, we can expect it to be nonnegative in most of
the cases where the length of the interval [t0, tT] is
large enough. Practically, there will be no agents who
would continue their business if their maximum profit
is below zero. Consequently, by minimizing LOC, a
low level of MWP can be obtained as a by-product.
The opposite argument is not valid; the most straight-
forward way of guaranteeing zero MWP is clearing
the market with high prices p̃, which would, however,
result in a high LOC.

For the rest of the paper, we use the notation for the
aggregation of LOC or MWP as LOC[t0,tT](p̃, x̃) �
Σk∈KLOC[t0,tT]

k (p̃, x̃k) or MWP[t0,tT](p̃, x̃) � Σk∈KMWP[t0,tT]
k

(p̃, x̃k).

2.2. Simple Look-Ahead Model
When the pricing horizon is fixed as T , and if
we assume that all the future demand information is
available, it is possible to obtain an equilibrium price-
quantity pair by solving a one-shot multiperiod optimi-
zation problem. It can be easily shown by inspection of
the KKT conditions that the primal and dual optimal
solutions pair for LAD(t0, tT), (p∗,x∗) � {(p∗t ,x∗t) : t ∈ T }
results in a zero LOC, which is equivalent to an equili-
brium. In other words, the price-quantity pair (p∗,x∗)
minimizes LOC[t0,tT](p̃, x̃).
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Nonetheless, in reality, the entire horizon is not

fixed. A common practical setting is one with a mov-
ing horizon. With a fixed look-ahead time length, it is
natural to solve LAD at every time stage (e.g., solve
LAD(ts, te) at ts, to solve LAD(ts+1, te+1) at ts+1, etc),
and to keep the current period dispatch decisions and
prices. The resulting (p∗t ,x∗t) pair sequence is no longer
an equilibrium for a longer period. One of the main
issues is that the look-ahead model ignores the deci-
sions from the previous stages as the look-ahead hori-
zon moves forward. The existence of intertemporal
constraints often results in certain agents suffering
losses in certain time steps that are expected to be
made up for in the next stages. When the look-ahead
horizon moves forward, this loss is regarded as sunk
costs by the look-ahead model. Mathematically, the
solutions from the LAD(t1, t2) minimizing LOC[t1,t2]
are not guaranteed to be a part of a solution minimiz-
ing LOC[t0,tT], when t0 < t1 and t2 < tT: A simple illus-
trative three-stage example where the look-ahead
length is two time steps is provided by Hua et al.
(2019).

2.3. Binding Past Prices

Theorem 1. A primal optimal solution x∗ � {x∗t : t ∈[tc, te]} of LAD(tc, te) and an optimal dual multiplier p∗ �
{p∗t : t ∈ [tc, te]} of PMP(ts, tc, te) are minimizers of
LOC[ts,te](p̃, x̃ | p#0 ,x#0 ).
Proof. Redistribute the terms of LOC[ts,te](p̃, x̃ | p#0 ,x#0 ):
min
p̃, x̃

LOC[ts,te](p̃, x̃ | p#0 ,x#0 ) � Σ
k∈K

Σ
t∈[ts, tc−1]

fk,t(x#k,t)
+ min

x̃
Σ
k∈K

Σ
t∈[tc, te]

fk,t(x̃k,t) −Z,

(7)
where Z �max

p̃
min

x
Σ
k∈K

Σ
t∈[ts, te]

fk,t(xk,t)

+ Σ
t∈[ts, tc−1]

p#t − Σ
k∈K

xkt + yt

( )

+ Σ
t∈[tc, te]

p̃t − Σ
k∈K

xk,t + yt

( )

s:t: hk(xk,t−1,xk,t) ≤ 0, k ∈ K, t ∈ [ts, te]
xk,t ∈ Xk t ∈ [ts, te], k ∈ K

(8)

Notice that the first term is a constant, x∗ is the mini-
mizer of the second term, and p∗ is the maximizer of
the third term (Z), because Z is the dual problem of
PMP(ts, tc, te). w

Corollary 1. If x#0 ,p
#
0 are a part of the primal and dual

optimal solutions of LAD(ts, te), then with x∗ of LAD(tc, te)
and p∗ of PMP,(ts, tc, te), (x#0 ,x∗), (p#0 ,p∗) become a primal
and dual optimal solution of LAD(ts, te).

Theorem 1 implies that the price from PMP(ts, tc, te)
minimizes LOC[ts,te] incorporating not only future but
also past time periods given the past decisions x#0 ,p

#
0 .

Intuitively, as the look-ahead horizon moves forward,
PMP takes into account past decisions and balances in
a way that LOC is minimized. This new property of
PMP explains the empirically better performance
measured by LOC or MWP than simple look-ahead
models such as LAD. What Corollary 1 guarantees is
the notion of price consistency as defined in Hogan
(2020).

Another point worth commenting on is that Theo-
rem 1 suggests to separate the pricing model (PMP)
from the dispatch model (LAD). In Equation (7),
observe that LOC is divided into the dispatch-related
term and the price-related term. In order to minimize
LOC, each of the terms is minimized from the solution
of different models. We focus on these properties of
PMP and extend it to the setting under uncertainty.

3. Multiperiod Market Clearing Under
Uncertainty

In this section, we extend the previous theory for
deterministic case to the setting under uncertainty.
We use a scenario tree to visualize the uncertainty as
in Figure 2. A scenario tree in the setting under uncer-
tainty is analogous to a time interval in the determin-
istic setting. As we define the performance metrics
with respect to time intervals in the previous chapter,
here, we use scenarios trees to define measures. The
notation regarding scenario trees for the rest of the
paper is as follows; for a scenario tree G, let n ∈N
denote a node of the scenario tree, where N is the
entire set of the nodes of G. We call n0 the root node of
a scenario tree, n− denotes the parent node of n, and
σ(n) denotes the probability that the scenario of node
n occurs from the perspective of the root node n0. A

Figure 2. An example of a Scenario TreeWith the Root Node
n0

Note: One sample path P is shown with the set of nodes N P in the
sample path P.
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sample path is denoted as P, and the set of nodes in
the sample path P asN P.

First, we provide the definitions of expected lost
opportunity cost from two different aspects, that is, ex
ante (AEL) and ex post (PEL), and we compare their
characteristics. Then, we discuss two different methods
for minimizing each of the definitions of expected lost
opportunity cost, respectively, when a scenario tree
(time horizon) is fixed. Finally, we extend one of the
methods to an algorithm analogous to PMP, which can
deal with the more realistic setting of a moving horizon.

3.1. Two Definitions of Expected Lost
Opportunity Cost Under Uncertainty

Care must be taken when we extend the definition of
lost opportunity cost to the setting under uncertainty.
Depending on the perspective of the individual profit
maximization problem, the expected lost opportunity
cost can be defined in two different ways.

One perspective is that each agent would solve an
optimization problem in order to maximize their
expected profits. We assume that the future price and
dispatch distribution for all the scenarios is available
and that all agents share the same information. We
define ex ante expected lost opportunity cost (AEL) as
the difference between the maximized expected profit
and the expected profit that an agent can obtain if it
follows the dispatch decisions by system operators.
Formally, AEL for each agent k under the scenario
tree G is defined as follows:

AELGk (p̃, x̃k) �WG
k (p̃) − Σ

n∈N
σ(n)(p̃(n)x̃k(n) − fk(x̃k(n)),

(9)

where WG
k (p̃) � max

x
Σ

n∈N
σ(n)[p̃(n)x(n) − fk(x(n))]

s:t: h(x(n−),x(n)) ≤ 0, n ∈N

x(n) ∈ X(n) n ∈N , (10)

where the notation for variables (p̃, x̃k) is slightly abused
under scenario trees, for example, p̃ � {p̃(n) :∀n ∈N }:

Another perspective is that each agent solves a
deterministic optimization problem maximizing its
profit in the ex post fashion once all the uncertainty is
revealed (i.e., under a chosen sample path). We define
ex post expected lost opportunity cost as the expecta-
tion of the difference between the maximized profit
that an agent could have earned if it had known the
uncertain information and the actual profit that the
agent obtains following the dispatch decisions by sys-
tem operators. Mathematically, PEL for each agent k
under the scenario tree G is defined as follows:

PELGk (p̃, x̃k) � EP wP
k (p̃) − Σ

n∈N P

(p̃(n)x̃k(n) − fk(x̃k(n))
]
,

[

(11)

where wP
k (p̃) � max

x
Σ

n∈N P

p̃(n)x(n) − fk(x(n))
s:t: h(x(n−),x(n)) ≤ 0, n ∈N P

x(n) ∈ X(n) n ∈N P: (12)

The interpretation of wP
k (p̃) is the profit that the

agent k can achieve with perfect foresight of path P

given prices p̃. In the remainder of the paper, we
define AELG(p̃, x̃) � Σk∈KAELGk (p̃, x̃k) and PELG(p̃, x̃) �
Σk∈KPELGk (p̃, x̃k).

The ex ante expected lost opportunity cost (AEL) is
closely related to stochastic equilibrium as zero AEL
is equivalent to a stochastic equilibrium. As a special
case, zero LOC is equivalent to an equilibrium in the
deterministic setting. However, using AEL directly in
practice seems to be unrealistic because it relies on
strong assumptions and requires solving a large-scale
multiperiod stochastic program (this is discussed fur-
ther in Section 1.2.3.).

Example 1. Here, we provide a simple two-stage
example for the comparison between AEL and PEL in
Figure 3, where there are two scenarios with equal
probability. The parameters for this agent are given in
the left side of the figure, and the prices and dispatch
decisions from the system operator (p̃, x̃) are also
given for each possible scenario (node). Even though
in order to compute the precise profit we should
rescale the price or cost according to the size of a time
step, for this example we present the results without
rescaling to avoid fractional numbers.

For the calculation of AEL, let us start from calculat-
ing WG

k (p̃), the individual expected profit maximiza-
tion problem. Because the expected gain for the second
stage (32:5− 30 � 2:5) is higher than the loss at the first
stage (30− 28 � 2), generating the maximum possible
output at the first stage would make the best expected

Figure 3. A Two-Stage Example for Comparing the Ealcula-
tion of AEL and PEL

Two possible scenarios for the second stage (5 minutes from the first
one) and the prices and the dispatch decisions from the system opera-
tor are given.
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profit; thus x∗(1) � 60. Next, at node 2, because the
gain is positive (35− 30 � 5), the agent should generate
the maximum possible output given x∗(1); thus
x∗(2) � 80. For node 3, because the marginal cost is
equal to the price, any feasible solution would produce
the same result; here, let us pick x∗(3) � 60. Then, we
can calculate that WG

k (p̃) becomes 80, and because the
actual expected profit that this agent can achieve by
following (p̃, x̃) is 70, AELGk (p̃, x̃k) � 10.

On the other hand, for the calculation of PEL, for each
sample path P, the deterministic individual profit maxi-
mization problem for P, wP

k (p̃) should be obtained. In
this example, there are two possible sample paths: node
1 to 2 and node 1 to 3. For the sample path that shifts
from node 1 to 2, because the gain for the second stage
(35− 30 � 5) is higher than the loss at the first stage
(30− 28 � 2), the unit should generate the maximum
possible output for both the first and the second stage;
thus x∗(1) � 60,x∗(2) � 80, which makes w(1,2)

k (p̃) equal
to 280. The sample path that transitions from node 1 to 3
corresponds to the opposite. The unit should generate
the minimum possible output for the first stage, and
then for the second stage the marginal cost is equal to
the price, so any feasible solution would be optimal.
Thus, let us pick x∗(1) � 20,x∗(3) � 20, which makes
w(1,3)

k (p̃) equal to –40. Considering that the actual profit
for sample path (1,2) is 220 and that for sample path
(1,3) is –80, we can see that PELGk (p̃, x̃k) � 50.

Theorem 2. For any G,AELGk (p̃, x̃k) ≤ PELGk (p̃, x̃k ):
Proof. First, we show that WG

k (p̃) ≤ EP[wP
k (p̃)]. There is

another equivalent formulation for a multiperiod sto-
chastic program other than (10). This scenario-based
formulation is introduced in Rockafellar and Wets
(1991). The formulation uses separate variables xP for
each sample path P ∈ P. Let Pr(P) denote the probabil-
ity for a sample path P. The formulation with our
notation is as follows:

WG
k (p̃) � max

x, x̂
Σ
P∈PPr(P) Σ

n∈N P

[p̃(n)xP(n) − fk(xP(n))]
s:t: h(xP(n−),xP(n)) ≤ 0, n ∈N P,P ∈ P

xP(n) ∈ X(n), n ∈N P,P ∈ P

xP(n) − x̂(n) � 0, n ∈N P,P ∈ P:

(13)

The last set of constraints is called the set of nonantici-
pativity constraints. These constraints impose that
variables in the same node n have the same value.
Notice that if we relax these nonanticipativity con-
straints, formulation (13) becomes EP[wP

k (p̃)]; hence,
WG

k (p̃) ≤ EP[wP
k (p̃)].

Second, we show that Σn∈Nσ(n)(p̃(n)x̃k (n)− fk(x̃k(n))
� EP[Σn∈N P

(p̃(n)x̃k (n) − fk(x̃k (n))]. This comes from the
fact that in a scenario tree, σ(n) � ΣP∈P:n∈N P

Pr(P),
∀n ∈N . w

As a metric of economic behavior, the ex post
expected lost opportunity cost (PEL), on the other
hand, has some practical advantages relative to AEL.
It is easier to calculate, and it is possible to estimate
PEL when the underlying uncertainty model is contin-
uous. By Theorem 2, PEL is an upper bound of AEL.
In a similar fashion as in the deterministic case, PEL is
also an upper bound of the expected MWP under a
mild condition (EP[wP

k (p̃)] is nonnegative). Note that
the definition of MWP is independent from the two
different perspectives of solving individual profit
maximization problems mentioned above in the
description of AEL and PEL; hence, the expected
MWP is identical under both of the perspectives,
unlike LOC. Thus, by minimizing PEL, we can regu-
late AEL and the expected MWP to a low level.

It is true that the economical implication of PEL
diverges from conventional stochastic equilibrium
theory. Even though AEL and PEL coincide (both
become LOC) in the deterministic case, zero PEL is
not equivalent to a stochastic equilibrium anymore, as
is the case with AEL. It is even impossible to have
zero PEL unless the setting is deterministic. PEL
becomes zero only when an agent enjoys perfect fore-
sight and acts optimally under this perfect foresight;
that is, it applies the solution of LAD over the entire
horizon. Instead, PEL can be interpreted as a metric
that measures how far the decisions of system opera-
tors are compared with the optimal case under the
perfect foresight assumption. When PEL is minimized
in the case under uncertainty (e.g., under a scenario
tree), the minimum value, which is strictly positive
now, represents the inevitable LOC (calculated ex
post) caused by the underlying uncertainty.

3.2. Look-Ahead Models Under Uncertainty
3.2.1. AEL Minimizing Look-Ahead Model. Consider a
stochastic economic dispatch problem under a sce-
nario tree G. Let us refer to the following optimization
problem as SLAD(G), an abbreviation for Stochastic
Look Ahead Dispatch Model (SLAD).

SLAD(G) : min
x

Σ
n∈N

σ(n) Σ
k∈K

fk(xk(n))
s:t: Σ

k∈K
xk(n) � y(n), n ∈N : λ(n)

h(xk(n−),xk(n)) ≤ 0, k ∈ K,n ∈N

x(n) ∈ X(n) k ∈ K,n ∈N :

(14)

Let p∗(n) � λ∗(n)=σ(n), ∀n ∈N , where λ∗(n) are the
nodal balance optimal dual multipliers of SLAD(G).
Similar to the deterministic case in Section 1.2.2, it can
be shown using KKT conditions that (p∗,x∗) �
{(p∗(n),x∗(n)) : n ∈N } minimizes AELG(p̃, x̃k ) to zero.
This implies that (p∗,x∗) forms the (risk neutral) sto-
chastic equilibrium, defined as “a stochastic process of
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prices and a corresponding collection of actions for
each agent with the property that the actions are indi-
vidual expected profit maximizing solutions for each
agent.” See, for example, Philpott et al. (2016) and
Philpott and Ferris (2021) for further information.

3.2.2. PEL Minimizing Look-Ahead Model. For the
pricing model minimizing PEL, we use the notation
for the scenario-based formulation introduced in the
proof of Theorem 2 as follows:

min
x

Σ
P∈PPr(P) Σ

n∈N P

Σ
k∈K

fk(xPk (n))
s:t: Σ

P∈P:n∈N P

Pr(P) Σ
k∈K

xPk (n)� Σ
P∈P:n∈N P

Pr(P)y(n), n∈N :p(n)
h(xPk (n−),xPk (n))≤0, n∈N P,P∈P
xP(n)∈X(n), n∈N P,P∈P: (15)

The equivalent way of writing the first set of con-
straints of (15) is EPP∈P:n∈N P

[Σk∈KxPk (n)] � σ(n)y(n): As
an example, when n � n0, the constraint can be written
succinctly as EP[Σk∈KxPk (n0)] � y(n0):
Theorem 3. For a scenario tree G, a primal optimal solu-
tion x∗ � {x∗(n) : n ∈N } of SLAD(G) and a dual optimal
multiplier p∗ � {p∗(n) : n ∈N } of formulation (15) under G
are minimizers of PELG(p̃, x̃).
Proof. Redistribute the terms of PELG(p̃, x̃):

min
p̃, x̃

PELG(p̃, x̃) � min
x̃

EP

[
Σ

n∈N P

Σ
k∈K

fk(x̃k(n))
]
−ZG,

(16)

where ZG � max
p̃

EP

[
min
x

Σ
n∈N P

Σ
k∈K

fk(xk(n))

+ p̃(n)
(
− Σ

k∈K
xk(n) + y(n)

)]

s:t: h(xk(n−),xk(n)) ≤ 0, n ∈N P

x(n) ∈ X(n), n ∈N P:

(17)

Because

min
x̃

EP

[
Σ

n∈N P

Σ
k∈K

fk(x̃k (n))
]
� min

x̃
Σ

n∈N
σ(n) Σ

k∈K
fk(x̃k (n)),

(18)

x∗ � {x∗(n) : n ∈N } of SLAD(G) minimizes the first
term. From (16), ZG can be expressed as follows:

ZG � max
p̃

min
x

Σ
P∈PPr(P) Σ

n∈N P

Σ
k∈K

fk(xPk (n))

+ Σ
P∈PPr(P)p̃(n)

(
− Σ

k∈K
xPk (n) + y(n)

)

s:t: h
(
xPk (n−),xPk (n)

)
≤ 0, n ∈N P,P ∈ P

xP(n) ∈ X(n), n ∈N P,P ∈ P: (19)

Notice that (19) is the dual problem of the formulation
(15); hence, p∗ maximizes the second term (ZG). w

Theorem 3 shows that we can minimize PEL with
the dispatch decision from SLAD(G) and the price sig-
nal from formulation (15). Notice that even when the
dispatch decision is not optimal, the price obtained
from formulation (15) is still optimal because PEL is
divided into a dispatch-related term and a price-
related term (see Equation (16)). This allows us to treat
dispatch and price model independently. In practice,
it is not realistic to assume that we would always
be able to find optimal dispatch decisions in the sense
of solving SLAD. Let x# be suboptimal dispatch deci-
sions that we would encounter in practice, and then
we can still guarantee that p∗ from the formulation
(15) minimizes PELG(p̃,x#).

Notwithstanding, we note that formulation (15) is
not practical for being used in real-time pricing
because it requires too many variables, and the first
set of constraints prevents the formulation from being
separable. Here, we show a slightly modified version
of (15) in order to make it more workable. The key is
in the way to approach (17). Now, instead of changing
(17) to (19), we re-dualize the dualized power balance
constraints back to the constraints, except for the one
for the root node as follows:

ZG � max
p̃(n0)

EP

[
min
x∈XP

Σ
n∈N P

Σ
k∈K

fk(xk(n)) + p̃(n0)
(
− Σ

k∈K
xk(n0) + y(n0)

)]

s:t: Σ
k∈K

xk(n) � y(n), n ∈ N P \ n0,
(20)

where we express the set of intertemporal constraints
and the set of independent constraints as XP. Let
FP(p̃(n0)) be the inner optimization problem of (20).
Then we can write ZG more concisely as follows:

ZG � max
p̃(n0)

EP[FP(p̃(n0))]: (21)

Notice that we can compute the gradient of FP(p̃(n0))
by Danskin’s Theorem (Danskin 1967):

∇FP(p̃(n0)) � − Σ
k∈K

x̄k(n0) + y(n0), (22)

where x̄k(n0) is the optimal solution for the inner opti-
mization problem of (20).

Observe that it is possible to utilize the Stochastic
Gradient Descent algorithm in order to find the maxi-
mizer p∗(n0) for (21). This modification allows us to
deal with continuous uncertainty models by incorpo-
rating the principle of stochastic approximation meth-
ods in Robbins and Monro (1951). All we need is a
model that samples sample paths. Instead of knowing
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the whole set of scenarios for the future, if we can
somehow sample future sample paths, we can apply
our approach to find p∗(n0). Practically, we can either
directly use historical data as sample paths or build
an uncertainty model such as an autoregressive model
in order to predict the distribution of future informa-
tion. Although this does not guarantee having an
exhaustive uncertainty set that represents reality per-
fectly, at least this approach liberates us from discreti-
zation for building a scenario tree.

This modification can be further developed by
binding cleared past prices as PMP does for the deter-
ministic setting in Section 2.3. In the next section, we
introduce a PMP-style version of the PEL minimizing
look-ahead model.

3.3. Binding Past Prices
Before we propose a formulation for coping with bind-
ing past prices under uncertainty, we define some addi-
tional notation. Referring to Figure 4, it is necessary to
extend a scenario tree with its past path in order to link
a scenario tree G starting from the current time step n0
to the past. The extension is indeed a subtree of a larger
scenario tree H whose root node is m0. We denote the
past path we have followed right before the current
time step as Q and the node set of the path as NQ. Nat-
urally, we denote the extension of G as G⋃

Q. For a
future sample path, including the current time step, we
use P as in the previous sections. To avoid ambiguity,
let the node set of G beNG and that ofH beNH.

Let the cleared past prices be p#0 � {p#(m) :∀m ∈
NQ} and the past dispatch decisions be x#0 � {x#(m) :
∀m ∈NQ}. Let us denote the following optimization
problem as SPMP(H,G), an abbreviation of stochastic
price-preserved multi-interval pricing model (SPMP):

SPMP(H,G) : min
x

Σ
P∈PPr(P) Σ

n∈NQ
⋃
N P

Σ
k∈K

fk(xPk (n))

+ Σ
m∈NQ

p#(m)
(
− Σ

k∈K
xPk (m) + y(m)

)

s:t: Σ
P∈P:n∈N P

Pr(P) Σ
k∈K

xPk (n) � Σ
P∈P:n∈N P

Pr(P)y(n),

n ∈NG : p(n)
h(xPk (n−),xPk (n)) ≤ 0,

n ∈NQ
⋃
N P,P ∈ P

(23)

Theorem 4. (p∗,x∗) is a part of the minimizer for PELH

(p̃, x̃ | p#0 ,x#0 ), where x∗ is an optimal solution for SLAD(G)
and p∗ is an optimal dual multiplier for SPMP(H,G).
Proof. The proof is a combination of the proofs of
Theorem 1 and Theorem 3. w

Corollary 2. If (p#0 ,x#0 ) is part of a minimizer for
PELH(p̃, x̃), then (p∗,x∗) in Theorem 4 is also part of a min-
imizer for PELH(p̃, x̃).

Theorem 4 and Corollary 2 are analogous to Theo-
rem 1 and Corollary 1, respectively, in the determinis-
tic case. The price from SPMP minimizes PEL, incor-
porating not only future but also past time periods
given past decisions. It no longer treats past losses as
sunk costs. However, notice the subtle difference
between the two cases (deterministic/under uncer-
tainty). In the set NH \NG, there are nodes that are
not in NQ: Because the support for (p∗,x∗) is NG, it is

only a part of the minimizer for PELH(p̃, x̃ | p#0 ,x#0 ) in
Theorem 4, unlike in the deterministic case where it is
a minimizer for LOC[ts,te](p̃, x̃ | p#0 ,x#0 ) in Theorem 1.

Figure 4. An Example of a Subtree of a Scenario TreeWith the Root Nodem0 That Incorporates Another Scenario TreeWith the
Root Node n0

Notes: Here, n0 denotes the current time step. Q is the past path that starts from m0 until right before the current time step, andNQ is the set of
nodes in the past pathQ. One future sample path P, including the current time step, is shownwith the set of nodesN P in the sample path P.
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Notice that the nodes in NH \ (NG⋃NQ) are meaning-
less given the current time step when the uncertainty
of the past has been revealed. Mathematically speak-
ing, when (p#0 ,x#0 ) is given for NQ, the terms related to

NG⋃NQ in PELH(p̃, x̃ | p#0 ,x#0 ) become completely sepa-
rable from the others; hence, it can be shown that
(p∗,x∗) is a part of the minimizer for PELH(p̃, x̃ | p#0 ,x#0 )
without knowing the information for NH \ (NG⋃NQ).
The same argument can be applied to Corollary 2.

Now, we are in a position to propose a pricing
method for rolling market clearing under uncertainty
given past prices. Let us modify (23) as we have seen
in the previous section (from (15) to (20) via (17)) so
that we can apply the stochastic gradient descent algo-
rithm for SPMP(H,G) as follows:

max
p̃(n0)

EP

[
min

x∈XQ
⋃

P

Σ
n∈NQ

⋃
N P

Σ
k∈K

fk(xk(n))

+ Σ
m∈NQ

p#(m)
(
− Σ

k∈K
xk(m) + y(m)

)

+ p̃(n0)
(
− Σ

k∈K
xk(n0

)
+ y(n0))

]

s:t: Σ
k∈K

xk(n) � y(n), n ∈N P \ n0, (24)

where we express the intertemporal constraints set
and the independent constraints set for an extended
sample path Q

⋃
P as XQ

⋃
P:

Let FQ⋃
P(p̃(n0)) be the inner optimization problem

of (24). Then (24) can be expressed as follows:

max
p̃(n0)

EP[FQ⋃
P(p̃(n0))]: (25)

Notice that we can compute the gradient of
FQ⋃

P(p̃(n0)) by Danskin’s Theorem (Danskin 1967):

∇FQ⋃
P(p̃(n0)) � − Σ

k∈K
x̄k(n0) + y(n0), (26)

where x̄k(n0) is the optimal solution for the inner opti-
mization problem of (24).

Now SGD can be applied to find the maximizer
p∗(n0) for (25). Note that (24) is very similar to (20).
The main differences are twofold. First, x is defined
under an extended sample path Q

⋃
P instead of P. Sec-

ond, the inner optimization is equivalent to solving
PMP(tm0 , tn0 , te) instead of solving LAD(tn0 , te), where
tm0 , tn0 denote the time steps of the nodes m0, n0
respectively, and te the time step of the leaf nodes in
the scenario treeH:

Thanks to Corollary 2, this sequential implementa-
tion (clear only the current time step sequentially as
time passes) of SPMP(H,G) using (24)−(26) results in
the same solution as solving (15) under H for clearing
prices for all possible scenarios at once. This property
enables us to use SPMP(H,G) in a more practical set-
ting. In the next section, we briefly formalize the SGD
algorithm for (24) −(26) and analyze practical details
related to initialization and step size rules.

3.4. Stochastic Gradient Descent Algorithm
for SPMP

We propose the following algorithm for computing
prices in a rolling market clearing under uncertainty
with binding past prices.

Algorithm 1. SGD for SPMP
Result: pI(n0)
i← 0; initialize p0(n0);
while i < I do

Sample a sample path P;
Obtain x̄i(n0) by solving the inner optimization
problem of (23);
∇FiQ⋃

P(pi(n0)) ← (−Σk∈Kx̄ik(n0) + y(n0));
pi+1(n0) ← pi(n0) + γi∇FiQ⋃

P(pi(n0));
i← i+ 1;

end

For initializing p0(n0), we use the dual multiplier of
PMP with future expected demand as input data. In
practice, using a deterministic model with expected
demand data is a commonly used way to clear mar-
ket. We use it as an initial value and update it in our
algorithm.

For the step sizes {γi : i ∈ {0, : : : , I}}, there can be
many variations. For updating step sizes, we consult
mainly Bottou (2012). Note that there is another varia-
tion of SGD often referred to as averaged SGD based
on Polyak and Juditsky (1992). Detailed rules are
introduced in section 5.3 of Bottou (2012). Although
there exist many variations for selecting the initial
step size, it is common to use the ratio of the upper
bounds of the norm of the argument over the norm of
the gradient as a fixed learning rate or dynamic

Figure 5. A Scenario TreeWith Demand for Each Scenario
and Transition Probabilities Between Nodes
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learning rate with some diminishing rules (Nemirov-
ski et al. 2009). In our experiment, we use the maxi-
mum cost over the current net load. The argument
p(n0) cannot be greater than the maximum cost, and
the upper bound of the gradient is bounded by y(n0).
We have experimented with variations of step size
rules according to changes in parameters regarding
the initial step size and the rate of diminishing step
size. The reader is referred to the details in Appendix
AQ:10 .

4. Computational Results
4.1. An Illustrative Example
Let us first examine an illustrative three-stage exam-
ple where two scenarios are possible for each node
with equal probability as in Figure 5. We have three
different units for generating power with ramp con-
straints as in Table 1. Each time step corresponds to
five minutes. This example is an extension of Example
1 in Hua et al. (2019) for the case under uncertainty.
We show the results of different market clearing mod-
els in Table 2. For the stochastic model, the dispatch
solution is solved by SLAD, and the two price distri-
butions are obtained from SLAD and SPMP. For the
deterministic model, the dispatch solution is obtained
from LAD, and the prices are obtained from LAD and
PMP. Notice that future expected demand is used for
the deterministic models, and as time moves forward
(with new demand information updated), truncated
problems are solved in a rolling fashion, whereas for
the stochastic models the result is obtained from one
optimization problem.

Performance metrics are compared in Tables 3 and
4 with the solutions that are presented in Table 2. We

note that different dispatch solutions are used for
Table 3 and Table 4, SLAD and LAD respectively;
therefore, the values for SPMP are different in the two
tables. In Table 3, observe that (i) for SLAD, AEL is 0
as the results of Section 3.2.1, (ii) for SPMP, AEL ≤
PEL as foreseen by Theorem 2, also expected MWP ≤
PEL, and (iii) most importantly, SPMP achieves
smaller PEL and expected MWP than SLAD because
SPMP produces prices that minimize PEL. In Table 4,
we compare SPMP with deterministic pricing models
(LAD and PMP). Observe that PMP achieves better
performance than LAD because it accounts for bind-
ing past prices and that SPMP attains better results
than PMP because it accounts for the underlying
uncertainty distribution. With the optimal dispatch
solutions obtained from SLAD, the results can be
further reduced to the values shown in Table 3. The
reason why LAD has zero MWP in this example (it
happens coincidentally; it is not a property of LAD) is
because the price from this model is very high com-
pared with other models in Table 2. This example
shows that we can achieve zero MWP by clearing prices
at high values, but then LOC (AEL or PEL under uncer-
tainty) increases significantly, as shown in Table 4.

It is further worth noting that a stochastic equili-
brium can perform poorly in terms of certain metrics.
In Table 3, SLAD indeed achieves zero AEL, which is
equivalent to a stochastic equilibrium; however, it
exhibits rather high levels of PEL (the value that each
agent would perceive when they calculate LOC in an
ex post fashion) and expected MWP (simply losses).
SPMP, on the other hand, by minimizing PEL directly,

Table 1. Unit Parameters

Unit
Energy Min-max output Ramping
$/MWh MW MW/min

1 28 0,100 3
2 30 0,100 4
3 40 0,100 5

Table 2. Market-Clearing Solutions from Different Models

Node

Stochastic Model Deterministic Model

SLAD SLAD SPMP LAD LAD PMP
x∗1(n) x∗2(n) x∗3(n) p∗(n) p∗(n) x∗1(n) x∗2(n) x∗3(n) p∗(n) p∗(n)

(n) MW MW MW $/MWh $/MWh MW MW MW $/MWh $/MWh

1 90 40 0 28 28 100 30 0 30 30
2 100 60 0 30 32 100 50 10 40 30
3 85 55 0 25 28 90 50 0 28 28
4 100 80 20 40 40 100 70 30 40 40
5 90 40 0 28 30 100 30 0 28 30
6 100 75 5 40 34 100 70 10 40 32
7 100 70 0 30 34 100 70 0 40 32

Table 3. Comparison of Metrics with Dispatch Solutions
from SLAD

Unit

SLAD SPMP

AEL PEL MWP AEL PEL MWP

1 0 5 3.4375 5 5 0
2 0 161.25 32.1875 47.5 47.5 0
3 0 0 0 7.5 7.5 1.875
SUM 0 166.25 43.125 60 60 1.875
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can regulate the level of AEL and expected MWP as
by-products, but it does not constitute a stochastic
equilibrium. In the next section, we present an experi-
ment with realistic data.

4.2. Simulation with Realistic Data
In this section, we illustrate our proposal for pricing
under uncertainty in a case study of the ISO New
England (ISO-NE) system.

4.2.1. Case Study Description. We consult Krishna-
murthy et al. (2016) for the grid, generator, and load
data based on ISO New England. The model includes
eight zones with 76 generators. The original source of
data is hourly. In our case study, we are interested in
five-minute time resolution, because certain binding
operating constraints that are driven by the random
variations of renewable supply are only observable at
this shorter time frame. We assume linear cost func-
tions in our analysis, and hence, we use only the first-
order cost terms from Krishnamurthy et al. (2016).
The linear cost terms and the ramp rates of the genera-
tors are rescaled in order to account for the five-
minute resolution of our model. Because there is no
congestion due to sufficient transmission line capacity
for the network in the original data, we adjusted the
capacity (to 1,500 MW for each line) to induce conges-
tion resulting in the difference in prices for different
zones while making sure that there is no load-
shedding because of the lack of capacity.

Minimum generation levels for the units are not
specified in the original data. Instead, we assume that
nuclear units have a technical minimum that is equal
to 80% of their nominal output, 60% for coal-fired
units, and 0% for the remaining technologies. We add
pumped-hydro reservoirs to the model in order to
introduce an interesting interplay between storage
and renewable supply. The pumped-hydro storage
data are sourced from Papavasiliou and Smeers
(2017).

In order to introduce uncertainty to the model, we
consider a scenario of large-scale wind power penetra-
tion. In terms of modeling wind power production,
we follow the approach that is introduced by Papava-
siliou and Oren (2013). Concretely, we model wind

speed using a time series model, and we use a power
curve in order to transform random fluctuations in wind
speed to a resulting wind power stochastic process.

We use wind speed data with one-minute resolu-
tion from January 2018 to October 2019 from the Royal
Meteorological Institute of Belgium (RMI). We source
data with five-minute resolution, and we use a cumu-
lative empirical distribution for transforming the data.
We remove monthly seasonal effects and use an
autoregressive model with a 10-order lag (AR(10)
model). For our experiments, we assume a single-area
wind production model. Although there are different
zones for the grid data, we do not account for trans-
mission constraints in our model. We control the
amount of uncertainty in the wind power production
model with a tuning parameter, WindRate. When its
value is one, the level of wind penetration corre-
sponds to average wind production equal to 17% of
annual ISO-NE energy demand, and the highest pos-
sible penetration rate that we consider in our model
amounts to 40% of annual ISO-NE energy demand.

4.2.2. Comparison of Metrics with Different Pricing
Models. The full horizon of our simulation consists of
312 intervals (26 hours), where an interval length is
equal to five minutes. We ignore the first and last 12
intervals (one hour each) in our analysis in order to
mitigate boundary effects. Two types of intertemporal
constraints exist in our model: ramping constraints
and the constraints that represent the dynamics of
pumped hydro storage.

Because we use a continuous stochastic uncertainty
model (AR model), we can no longer compute AEL.
Here, the focus is on comparing deterministic pricing
models (LAD and PMP) with our method (SPMP). For
the deterministic models, we use expected future
demand. We use the solution from the LAD model as
the dispatch decision for all the models, and our goal
is to compare the effect of the different pricing mod-
els. We add one more model as a benchmark named
PMP_PF (PMP with perfect foresight assumption),
where we provide the actual sample path for future
demand. For each model, we implement a moving
horizon with a look-ahead length of 12 intervals (one
hour). For the models that account for binding past
prices (PMP, PMP_PF and SPMP), we add the infor-
mation of past prices over the 12 most recent intervals
(one hour). Notice that even the benchmark model
PMP_PF can have positive value of PEL, because the
look-ahead length is limited (12 intervals), whereas
the full horizon length for calculating LOC is much
longer (288 intervals). PMP_PF has the information of
the actual demand for the future; however, it does not
solve one-shot optimization with a full horizon length
but instead a rolling implementation, as other models
do. The goal of this comparison is to quantify how

Table 4. Comparison of Metrics with Dispatch Solutions
from LAD

Unit

LAD PMP SPMP

AEL PEL MWP AEL PEL MWP AEL PEL MWP

1 0 0 0 0 0 0 0 0 0
2 275 275 0 62.5 62.5 0 62.5 62.5 0
3 0 0 0 70 70 17.5 55 55 13.75
SUM 275 275 0 132.5 132.5 17.5 117.5 117.5 13.75
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much the perfect foresight assumption can change the
result ceteris paribus (including the look-ahead length).

Figure 6 shows the results of PEL and the expected
make-whole payments (MWP) for different models,
with increasing levels of uncertainty controlled by
WindRate. The bars correspond to the average result
of 500 experiments, and the middle lines show the
sample standard deviation of the experiments. For
our method, the iteration count for the SGD algorithm
I is one hundred for SPMP. First, we can observe that
the binding past prices version (PMP) performs better
than the simple look-ahead model (LAD). By exploit-
ing the information of the distribution of the uncertain
future, our method (SPMP) achieves significantly
lower PEL and variance of the LOC than those models
that use the expectation of future demand. Further-
more, SPMP achieves similar performance to the case
with perfect foresight (PMP_PF). In Figure 6 (b), we
can observe the same pattern as Figure 6(a), but with
even more noticeable differences. SPMP achieves
lower expected value and variance for MWP than
other models. Additionally, it also achieves a compara-
ble result to the case with perfect foresight. The read-
ers who are interested in the difference of prices result-
ing from different models are referred to Appendix BQ:11 .

4.2.3. Computation Time. For the computing time of
our method, 500 iterations of SGD require approxi-
mately 30 seconds in the experiment on a personal com-
puter with a 2.5-GHz dual-core CPU and 8 GB of RAM.
The results and discussion about the convergence of the
SGD algorithm are available in Appendix AQ:12 .

5. Conclusion
In this paper, we introduce two different definitions
of expected lost opportunity cost, and we propose and

analyze a pricing method for multi-interval real-time
markets that operates under uncertainty. The pro-
posed method minimizes one type of expected lost
opportunity cost (PEL). We perform experimental
results that demonstrate that our pricing approach
results in lower PEL and expected make-whole pay-
ments with smaller variance than alternative pricing
methods that have been proposed in the recent litera-
ture. We further observe that the gap between our
method and other methods that do not exploit distri-
bution information increases as the level of uncer-
tainty increases. This indicates that our pricing pro-
posal is especially suitable for future renewable
integration scenarios, where the role of uncertainty is
expected to become increasingly important and where
the accuracy of price signals will be a crucial element
in preventing asset owners from “taking matters in
their own hands” through self-commitment or self-
dispatching. Our experimental results suggest that
near-optimal prices can be obtained with a modest
number of iterations of the stochastic gradient algo-
rithm. This observation provides encouraging support
to the claim that the method proposed in our paper
can be implemented within operationally acceptable
time frames for real-time market clearing.

Acknowledgments
The authors gratefully acknowledge the helpful comments
from Yves Smeers, William Hogan, Bowen Hua, Eugene
Litvinov, Dane Schiro, Jinye Zhao and Tongxin Zheng.

References
Baldick R (2006) Applied Optimization: Formulation and Algorithms for

Engineering Systems. (Cambridge University Press, Cambridge,
MA).

Biggar D, Hesamzadeh M (2020) Do we need to implement multi-
interval real-time markets? Energy J. 43(2):111. Q:13

Bottou L (2012) Stochastic gradient descent tricks. Neural Networks:
Tricks of the Trade 421–436.

Figure 6. Ex Post Expected Lost Opportunity Cost for Different Models as the Degree of Wind Penetration Increases

Cho and Papavasiliou: XXX
14 Operations Research, Articles in Advance, pp. 1–15, © 2022 The Author(s)



 

 

Bouffard F, Galiana FD, Conejo AJ (2005) Market-clearing with sto-
chastic security. IEEE Trans. Power Syst. 20(4):1818–1826.

Danskin JM (1967) The Theory of Max-Min and Its Application to Weap-
ons Allocation Problems. (Springer-Verlag, Berlin).

EC (2017) Commission regulation (eu) 2017/2195 of 23 november 2017
establishing a guideline on electricity balancing. (Official Journal of
the European Union, Brussels)Q:14

Guo Y, Chen C, Tong L (2019) Pricing multi-interval dispatch under
uncertainty part i: Dispatch-following incentives, IEEE Trans.
Power Syst. 36(5):3865–3877.

Guo Y, Chen C, Tong L (2022) Pricing multi-interval dispatch under
uncertainty part ii: Generalization and performance, URL
arXiv:1912.13469, forthcoming.

Hogan W (2016) Electricity market design: Optimization and market
equilibrium. Presentation, URL https://scholar.harvard.edu/
whogan/files/hogan_ihs_110916.pdf.Q:15

Hogan W (2020) Electricity market design: Multi-interval pricing
models. Presentation, URL https://scholar.harvard.edu/files/
whogan/files/hogan_yesenergy_202720r.pdf.

Hua B, Schiro DA, Zheng T, Baldick R, Litvinov E (2019) Pricing in
multi-interval real-time markets. IEEE Trans. Power Syst. 34(4):
2696–2705.

Krishnamurthy D, Li W, Tesfatsion L (2016) An 8-zone test system
based on iso new england data: Development and application.
IEEE Trans. Power Syst. 31(1):234–246.

Mickey J (2015) Multi-interval real-time market overview. Board of
Directors Meeting, ERCOT Public.

Morales JM, Zugno M, Pineda S, Pinson P (2014) Electricity market
clearing with improved scheduling of stochastic production.
European J. Oper. Res. 235(3):765–774.

Nemirovski A, Juditsky A, Lan G, Shapiro A (2009) Robust stochas-
tic approximation approach to stochastic programming. SIAM
J. Optim. 19(4):1574–1609.

Papavasiliou A, Oren SS (2013) Multiarea stochastic unit commit-
ment for high wind penetration in a transmission constrained
network. Oper. Res. 61(3):578–592.

Papavasiliou A, Smeers Y (2017) Remuneration of flexibility using
operating reserve demand curves: A case study of belgium.
Energy J. 38(01).

Philpott A, Ferris M (2021) Dynamic risked equilibrium. Oper. Res.Q:16
Q:17 Philpott A, Ferris M, Wets R (2016) Equilibrium, uncertainty and

risk in hydro-thermal electricity systems. Math. Program. 157(2):
483–513.Q:18

Polyak BT, Juditsky AB (1992) Acceleration of stochastic approxima-
tion by averaging. SIAM J. Control Optim. 30(4):838–855.

Pritchard G, Zakeri G, Philpott A (2010) A single-settlement,
energy-only electric power market for unpredictable and inter-
mittent participants. Oper. Res. 58(4):1210–1219.

Ralph D, Smeers Y (2015) Risk trading and endogenous probabilities
in investment equilibria. SIAM J. Optim. 25(4):2589–2611.

Robbins H, Monro S (1951) A stochastic approximation method.
Annals of Math. Stat. 22(3):400–407.

Rockafellar RT, Wets RJB (1991) Scenarios and policy aggregation in
optimization under uncertainty. Math. Oper. Res. 16(1):119–147.

Schiro DA (2017) Flexibility procurement and reimbursement: A
multi-period pricing approach (FERC Technical Conference).
https://cms.ferc.gov/sites/default/files/2020-05/20170623123635-
Schiro_FERC2017_Final.pdf.

Schiro DA, Zheng T, Zhao F, Litvinov E (2016) Convex hull pricing
in electricity markets: Formulation, analysis, and implementa-
tion challenges. IEEE Trans. Power Syst. 31(5):4068–4075. Q:19

Shapiro A (2012) Time consistency of dynamic risk measures. Oper.
Res. Lett. 40(6):436–439.

Wang B, Hobbs BF (2015) Real-time markets for flexiramp: A sto-
chastic unit commitment-based analysis. IEEE Trans. Power
Syst. 31(2):846–860.

Zavala VM, Kim K, Anitescu M, Birge J (2017) A stochastic electric-
ity market clearing formulation with consistent pricing proper-
ties. Oper. Res. 65(3):557–576.

Zhao J, Zheng T, Litvinov E (2019) A multi-period market design
for markets with intertemporal constraints. IEEE Trans. Power
Syst. 35(4):3015–3025.

Jehum Cho is a PhD Candidate in the Center for Opera-
tions Research and Econometrics (CORE) at the Catholic
University of Louvain (UCL), Louvain-la-Neuve, Belgium.
He received a Master’s of Science in Industrial Engineering
and Operations Research at the University of California Ber-
keley, Berkeley, California. He has obtained a Bachelor’s in
Industrial Engineering at Seoul National University, Seoul,
South Korea. His research interests include operations
research, optimization under uncertainty, electricity market
design, renewable energy integration in power systems, and
stochastic programming.

Anthony Papavasiliou is an Assistant Professor in the
Department of Electrical and Computer Engineering at the
National Technical University of Athens, Athens, Greece. He
is formerly an Associate Professor at the Center for Opera-
tions Research and Econometrics at the Universite Catholi-
que de Louvain, where he held the ENGIE Chair. He works
on operations research, electricity market design, and electric
power system operations. He was the recipient of the Franc-
qui Foundation research professorship (2018), the ERC Start-
ing Grant (2019) Q:21, and the Bodossaki Foundation Distinguished
Young Scientist award (2021). He has served as an Associate
Editor of Operations Research and the IEEE Transactions on
Power Systems.

Cho and Papavasiliou: XXX
Operations Research, Articles in Advance, pp. 1–15, © 2022 The Author(s) 15

https://arxiv.org/abs/1912.13469
https://scholar.harvard.edu/whogan/files/hogan_ihs_110916.pdf
https://scholar.harvard.edu/whogan/files/hogan_ihs_110916.pdf
https://scholar.harvard.edu/files/whogan/files/hogan_yesenergy_202720r.pdf
https://scholar.harvard.edu/files/whogan/files/hogan_yesenergy_202720r.pdf
https://cms.ferc.gov/sites/default/files/2020-05/20170623123635-Schiro_FERC2017_Final.pdf
https://cms.ferc.gov/sites/default/files/2020-05/20170623123635-Schiro_FERC2017_Final.pdf


 

 

NUMBER 1 OF 2

AUTHOR QUERIES

DATE 6/6/2022

JOB NAME OPRE

ARTICLE 20222314

QUERIES FOR AUTHOR Cho and Papavasiliou

THIS QUERY FORM MUST BE RETURNED WITH ALL PROOFS FOR CORRECTIONS

Q: 1_Please confirm that funding statement sections are correct as set.

Q: 2_You have chosen the INFORMS Open Option. Please check the Open Access Statement
and confirm that the Creative Commons license paragraph is correct. Your article will not
be published until payment is received.

Q: 3_Please confirm that the article title, author names, affiliations, and email addresses are set
correctly.

Q: 4_Please confirm that keywords are correct as set.

Q: 5_Please confirm that heading levels are correct as set.

Q: 6_Please verify that all displayed equations and in-text math notations are set correctly.

Q: 7_Per INFORMS style, built-up fractions included within paragraph text should be con-
verted to their in-line form, i.e., with a solidus rule, as in [a 1 (b/x)]1/2, whenever possi-
ble. Long or complex in-line formulas (within paragraph text) should be set as display
equations. Please review all in-text equations and modify as necessary to be represented
accurately as either display or in-line equations.

Q: 8_Per INFORMS style, all variables should be italic and all vectors should be bold. Please
confirm that all terms have been formatted properly throughout.

Q: 9_Correct that you meant “information at the end of the horizon” (not “information of the
end of the horizon”) here?

Q: 10_No appendix matches the in-text citation "Appendix A". Please supply the missing
appendix or delete the citation.

Q: 11_No appendix matches the in-text citation "Appendix B". Please supply the missing
appendix or delete the citation.

Q: 12_No appendix matches the in-text citation "Appendix A". Please supply the missing
appendix or delete the citation.



 

 

NUMBER 2 OF 2

Q: 13_Is Cambridge, MA, the correct publisher location in the Baldick reference?

Q: 14_Are the publisher and publisher location correct in the Danskin reference?

Q: 15_Could not find publication information for the Hogan references. Please provide.

Q: 16_This reference lacks page numbers. Please proof carefully. (Ref. "Papavasiliou, Smeers,
2017").

Q: 17_Please indicate if the reference is "in press"; if not, please provide volume and page num-
bers. (Ref. "Philpott, Ferris, 2021").

Q: 18_This reference lacks page numbers. Please proof carefully. (Ref. "Philpott, Ferris, 2021").

Q: 19_Please provide a date of access for the Schiro reference.

Q: 20_Please check that all tables and figures, including their titles and notes (which may con-
tain edits) are set correctly.

Q: 21_The in-text citation "Starting Grant (2019)" is not in the reference list. Please correct the
citation, add the reference to the list, or delete the citation.


	s1
	s1A
	s1B
	s1B1
	s1B2
	s1B2a
	s1B2b
	s1B2c
	s1B3
	s2
	s2A
	s2B
	s2C
	s3
	s3A
	s3B
	s3B1
	s3B2
	s3C
	s3D
	s4
	s4A
	s4B
	s4B1
	s4B2
	s4B3
	s5



