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Nomenclature

Sets
g ∈ G Set of generators
t ∈ T Set of hourly period horizon (let’s define T = card(T ))
s ∈ Sg Start-up type of generator g ∈ G (e.g. hot, warm, cold)

Parameters
Dt Demand level at time t ∈ T
Rt Reserve target at time t ∈ T
CNLg No-load cost of generator g ∈ G
CPg Production cost (variable cost) of generator g ∈ G
CSUg,s Start-up cost of type s ∈ Sg of generator g ∈ G
CSDg Shut-down cost of generator of generator g ∈ G
Pmin
g Minimal power level of generator g ∈ G
Pmax
g Maximal power level of generator g ∈ G
RUg Ramp-up limit of generator g ∈ G
RDg Ramp-down limit of generator g ∈ G
SUg Start-up capacity of generator g ∈ G
SDg Shut-down capacity of generator g ∈ G
TUg Minimal up time of generator g ∈ G
TDg Minimal down time of generator g ∈ G
TSUg,s Time interval of generator g ∈ G for which the start-up is of type s ∈ Sg

(i.e. if a start-up occurs in t such that the previous shut-down was in t′ ∈
[t− TSUg,s ; t− TSUg,s+1] then the start-up is of type s)

Variables
p̂g,t Total power provided by generator g ∈ G at time t ∈ T
pg,t Power above Pmin

g provided by generator g ∈ G at time t ∈ T (i.e. the total
power is given by ug,tPmin

g + pg,t)
ug,t Commitment decision (on or off) of generator g ∈ G at time t ∈ T
vg,t Start-up decision of generator g ∈ G at time t ∈ T
wg,t Shut-down decision of generator g ∈ G at time t ∈ T
rg,t Ramp-up spinning reserve provided by generator g ∈ G at time t ∈ T
δg,s,t Start-up type selector, for a start-up of type s ∈ Sg by generator g ∈ G at time

t ∈ T
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Chapter 1

The convex hull pricing

In the introduction, the problematic of an efficient pricing of electricity has been risen. This chapter
aims to state mathematically what is behind the economical intuition in order to build a price model.
For the notations we refer the reader to the nomenclature that has been detailed previously.

1.1 Economic dispatch and marginal pricing
The electricity market is known to be a complex market as it is composed by different level (day-
ahead market, intra-day market...) and as it is highly coupled with physical constraints (line limits,
network constraints, i.e. Kirschkoff laws, ramp limits...). As this is not a central question in the
elaboration of a fundamental pricing model, let’s get rid of such complexity for now (much details
about physical constraints are explained at chapter 2 and on the market itself at chapter 4).

In essence, what the market does is to fulfil the electricity demand coming from the industry
or from private consumers. In order to do that, many electric plants are available to provide a
given amount of power at a certain cost and the market operator is responsible for dispatching the
electricity among these producers. Of course, it would be wise to pick a solution which minimizes
the cost of the system. Furthermore, as the demand changes constantly, the dispatch process has to
be repeated at a certain frequency. In this work, the case of a day-ahead market cleared hourly
is considered.

The simpler mathematical formulation of what has been described is

min
p̂

∑
t

∑
g

CPg p̂g,t

s.t. (ρt) Dt =
∑
g

p̂g,t ∀t

(µg,t) p̂g,t ≤ Pmax
g ∀g, t

p̂g,t ≥ 0 ∀g, t

(1.1)

which is called the economic dispatch model, as it only cares about dispatching the power p̂g,t. It
is obvious that this problem is convex as it is linear. The demand constraint is the only constraint
that links all the generators together and is called the "market clearing constraint".

A crucial question when designing a market is the price at which the commodity (the electrical
energy in our case) is sold. The electricity market is cleared using a uniform pricing. As it is
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23 2.2. The model

min
∑

g

∑
t

CNL
g ug,t + CP

g (Pmin
g ug,t + pg,t) +

∑
s∈Sg

CSU
g,s δg,s,t + CSD

g wg,t

 (2.2a)

s.t. Dt =
∑
g∈G

[
Pmin

g ug,t + pg,t

]
∀t

(2.2b)∑
g

rg,t ≥ Rt ∀t

(2.2c)
pg,t + rg,t ≤ (Pmax

g − Pmin
g )ug,t − (Pmax

g − SUg)vg,t − (Pmax
g − SDg)wg,t+1 if TUg ≥ 2, ∀g, t

(2.2d)
pg,t + rg,t ≤ (Pmax

g − Pmin
g )ug,t − (Pmax

g − SUg)vg,t −max(SUg − SDg; 0)wg,t+1 if TUg = 1, ∀g, t
(2.2e)

pg,t + rg,t ≤ (Pmax
g − Pmin

g )ug,t − (Pmax
g − SDg)wg,t+1 −max(SDg − SUg; 0)vg,t if TUg = 1, ∀g, t

(2.2f)
ug,t − ug,t−1 = vg,t − wg,t ∀g, t

(2.2g)
(pg,t+1 + rg,t+1)− pg,t ≤ (Pmin

g +RUg)ug,t+1 + (SUg − 2Pmin
g −RUg)vg,t+1 − Pmin

g ug,t + Pmin
g wg,t+1 ∀g, t

(2.2h)
pg,t − pg,t+1 ≤ (SDg − 2Pmin

g −RDg)wg,t+1 + (Pmin
g +RDg)ug,t − Pmin

g ug,t+1 + Pmin
g vg,t+1 ∀g, t

(2.2i)
t∑

i=t−T Ug+1

vg,i ≤ ug,t ∀g, t ∈ [TUg, T ]

(2.2j)
t∑

i=t−T Dg+1

wg,i ≤ 1− ug,t ∀g, t ∈ [TDg, T ]

(2.2k)

δg,s,t ≤
TSUg,s+1−1∑

i=TSUg,s

wg,t−i ∀g, s ∈ Sg, t ∈ [TSU
g,s+1, T ]

(2.2l)∑
s∈Sg

δg,s,t = vg,t ∀g, t

(2.2m)
pg,t, rg,t ≥ 0 ; ug,t, vg,t, wg,t, δg,s,t ∈ {0, 1} ∀g, t, s

(2.2n)




















